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Methods exist to detect residual confounding in epidemiologic studies. One requires a negative control expo-
sure with 2 key properties: 1) conditional independence of the negative control and the outcome (given modeled
variables) absent confounding and other model misspecification, and 2) associations of the negative control with
uncontrolled confounders and the outcome. We present a new method to partially correct for residual confound-
ing: When confounding is present and our assumptions hold, we argue that estimators from models that include a
negative control exposure with these 2 properties tend to be less biased than those from models without it. Using
regression theory, we provide theoretical arguments that support our claims. In simulations, we empirically evalu-
ated the approach using a time-series study of ozone effects on asthma emergency department visits. In simula-
tions, effect estimators from models that included the negative control exposure (ozone concentrations 1 day after
the emergency department visit) had slightly or modestly less residual confounding than those from models with-
out it. Theory and simulations show that including the negative control can reduce residual confounding, if our as-
sumptions hold. Our method differs from available methods because it uses a regression approach involving an
exposure-based indicator rather than a negative control outcome to partially correct for confounding.

bias; confounding; environmental epidemiologic methods; model misspecification; negative control exposure;

time-series

Abbreviations: DAG, directed acyclic graph; EDV, emergency department visit.

Editor’s note: An invited response appears on page 950.

Confounding is an important threat to the validity of obser-
vational studies. It is a mixing of the effects of an extraneous
factor with those of the exposure of interest so as to distort ob-
served associations (1, 2). It is expected if certain causal pat-
terns (confounding paths) are present in a causal graph that
reflects the causal relationships (2—4). Confounding is con-
trolled analytically by adequate stratification or modeling co-
variate effects so as to block the confounding path. Residual
confounding is confounding that remains even after attempts
to control it. It can be present if confounders are unmeasured
or mismeasured or their form is misspecified (2, 5, 6). Thus,
sensitivity analyses to assess the potential impact of residual
confounding can be important (2, 7, 8). In time-series studies
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of the short-term health effects of environmental exposures,
confounding is often controlled, as least partly, by including
in the model covariates such as day of week, temperature,
and humidity and by including splines or other terms for
time that can control for unmeasured factors that covary
smoothly over time.

By considering temporality and causal relationships, we
previously showed (9—11) how to test for residual confound-
ing or other model misspecification. The test involves adding
to the final model a residual-confounding indicator variable
with 2 properties: P1) The indicator should be independent of
disease in a correctly specified model; in particular, it should
neither cause (after blocking effects of controlled factors) nor
be caused by the disease. P2) It should be associated with the
exposure of interest and, like the exposure, with unmeasured
confounders. Plausibility of these properties can be evaluated
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by considering causal diagrams that summarize tenable, cau-
sal relationships.

The test for confounding is conducted by adding the
residual-confounding indicator to the model to be evaluated.
We refer to the final model but with the indicator added as the
“extended” model. An association between the indicator and
disease in the extended model suggests model misspecifica-
tion. Ability of the indicator to detect confounding was justi-
fied using causal considerations, much like those for negative
control exposures (12) and Granger causality (13). In environ-
mental time-series studies, we argued that the exposure level
after the event has already occurred is a candidate for such an
indicator because of the requirement that a cause precede the
disease, and because health events do not, at least in the short
term, affect ambient levels of many environmental exposures,
such as air pollution. Thus, future levels of the exposure cannot
cause disease and should not be affected by it, partially justify-
ing one of the key properties needed for the indicator (9, 11).

Indicators with properties P1-P2 will be called “negative
control exposures” (12). To detect (classical) confounding, ne-
gative control exposures and the outcome should have the same
common causes as the exposure and the outcome (12) (“U-
comparability”’; Appendix 1). The indicators used here are ex-
pected to be U-comparable, but more generally indicators with
properties P1-P2 (9-11) can also detect additional biases and
need not be U-comparable (examples in Appendix 1). Lipsitch
et al. (12) described a method to correct for residual confounding
in sensitivity analyses when stratification, though not a regres-
sion model, is used to control for known confounders. Tchetgen
Tchetgen (14) also suggested a method to correct for confound-
ing using negative control outcomes, although it potentially in-
volves assumption of a deterministic relationship between the
dependent variable and its causes. Nevertheless, the problem of
how to correct for residual confounding in regression analyses
by using a negative control exposure remains open.

Our goal is to present and justify a regression-based method
for reducing residual confounding in observational studies
based on negative control exposures. Our main result has been
that the effect estimator from the “extended” model (with the
negative control exposure) tends to be less biased than that
from the “final” model (without the negative control). That is,
adding a negative control exposure to the model is expected to
reduce residual confounding, given our assumptions. An im-
portant assumption is that measurement error is relatively un-
important. If this assumption is uncertain, the method can be
used as the basis for sensitivity analyses to partially correct for
bias. Our approach differs from others because it uses regres-
sion analyses with a negative control exposure rather than a
negative control outcome or stratification.

METHODS

We state our assumptions and then show that effect esti-
mators should be less biased when the negative control ex-
posure is included in the model than when it is not included.

Assumptions

We used directed acyclic graphs (DAGs) to summarize as-
sumed causal relationships. Many syntheses of the terminology,
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Figure 1. Directed acyclic graph summarizing assumed causal re-
lationships; in particular, X, ¢ is independent of Y;, conditional on X;,
C;, and U,. Like X;, X;,1 is associated with U, (properties P1-P2).

construction, and use of DAGs are available, so we do not re-
peat them here (4, 15-18). As in previous work (9), we illus-
trate using a time-series study with emergency department
visits (EDVs) on day ¢ as the health event (¥;) and ambient
air pollution on day ¢ or earlier as the exposure of interest
(X;), although results apply more generally. We let C, rep-
resent controlled confounders (measured on day ¢ or before).
The concern is that an unmeasured, perhaps unrecognized,
confounder or covariate is associated with X, and is a cause
of Y; (e.g., U, in Figure 1). We assume that any such covariate
is associated with the exposure both on day 7 (X,) and the day
after the health event (X, ;). Throughout, we assume that the
measurement error and misspecification of functional form
are negligible, so any model “misspecification” stems primar-
ily from omitting 1 or more confounders (U,, possibly vector-
valued).

We based derivation of our results on 2 key assumptions
(A1l and A2) about the pattern of causal effects, consistent
with those summarized in Figure 1:

Assumption 1 (A1): Yi(x;, ¢, u) = Bo + Pix; + Pac; + Paus +
&;, where E[e, | X, = x,, C, = ¢;, U, = u,] = 0, where By—p;
are parameters.

Assumption 2 (A2): The DAG in Figure 1 is correct; in
particular, X,,, is independent of Y,, conditional on X,
C, and U,, and like X;, X, is associated with U, (prop-
erties P1-P2).

The expression in Al is interpretable as a structural
equation, where Y/(x, c, u,,) is the counterfactual value of
Y,, if X, were set to x,, C, to ¢, and U, to u,. If U, were mea-
sured, we could fit the regression model Y, = by + byx, +
byc, + bsu, + €, to consistently estimate f;, the effect of
X, on Y, the analytical objective.

Our other assumptions are:

Assumption 3 (A3): Model misspecification is due pri-
marily to omission of the confounder U,; other types of
misspecification are negligible.

Assumption 4 (A4): The joint distribution of (g, X, C,
X.+1, U)) is a stationary, ergotic process, and regularity
conditions (19-21) hold.

Assumption 5 (AS): E[U, | X, = x,, C; = ¢p Xpp1 = Xppq] =
O + 00X, + 0aC, + O3 Xy q.

Assumption 6 (A6): E[X;.11X;, = x, C; = ¢;] = yo +
Y1X + Y205

where o;—o3 and vy, v, are parameters.
We now derive expressions for bias when the confounder
U, is omitted from the regression model.
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Mean of Y; conditional on X;, C;, and X;, ; or on X; and C;

To derive formulas for the magnitude of residual con-
founding due to omission of one or more covariates (U,), we
first consider the mean of Y, conditional on X,, C,, and X,
oron X, and C,.

To find an expression for E[Y; | X, = x, C, = ¢, X1 = X111], We
first note that, in general, E[Y1X, = x;, G, =¢;, Xi11 = Xi41]=
Eyix,cx. [EGX = xi, G = ¢, Uy = wyy Xey1 = X411
Furthermore, E[Y; | X; = x,, C; = ¢, U; = u,, X;41 = x:41] does
not depend on X,,, given X, C,, and U, by A1-A2 so we
can simplify by dropping X,,; and write:

E[Yt 1X: =x, C = ¢, Xop1 = xt+l]
= EU,IX,,C,,XHI [E[Y, X, = x,, C, = ¢, Uy = u,]]
= Eyix,.c. X1 By + BixXs + Bycr + Biufl
=Py + Bx: + Bocr + B3Euix, x4 [ue]
= Bo + let + Bgct + ﬁ3(0‘0 + ox; + Aoc + 03Xy )
=Py + Byou + (B] + [330‘1))0 + (ﬁz + ﬁ30‘2)5t + Byoaxg
(1

where the fourth equality follows by substitution of AS5. A
similar evaluation gives:

E[Y1X, =x. C =]
= ﬁ() + (ﬁ| + [33“1))6[ + (ﬁz + B3(X2)Cr
+ B30Ex, ix, ¢ [Xer1]

= BO + ﬁ30(0 + ﬁ3(X3Y0 + (B] + 63()(1 + ﬁ3a3yl)xt
+ (Bz + ﬁ3(x2 + ﬁ30‘3Y2)Ct 2

Magnitude of confounding

If we fit the “extended” model, E[Y;| X, = x,C, = ¢, X;41 =
Xee1] = bo + bix, + bac, + bsx,yy, say using least squares, the
method of maximum likelih/god, or generalized method of
moments then the estimator b; satisfies

1;; = By + B3 3)

where — means convergence in probability. This follows
from Equation 2 and usual regression results (e.g., under as-
sumptions A1-A6). Similarly, if we fit the “final” model, E
[Y; 1 X, =x, C,=c] =dy+ dx; + dsc;, then:

a = By + B3ou + Bioay;. 4)

These results show that E and Zl} are not consistent esti-
mators of parameter f3;, but have biases:

B; = B, for the extended model and 5)
B, = B,y + P503y, for the final model. 6)

Here, bias is the difference between p; and the large sam-
ple limit of its estimator. Compared with the bias B, for the
extended model, B, includes the additional term Ps03Y;.
Thus, bias for the final model will be in the same direction
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but larger than that for the extended model, provided that
the change of X; is in the same direction, on average, as the
change of X, for an increase in U, (measured by signs
of a; and o3) and that X; is positively associated with X,
(y1 > 0). When these 2 conditions are plausible, then we
expect the magnitude of confounding in the final model to
exceed that in the extended model by f3a3y;.

Alternative assumptions

These bias equations also hold in the log-linear case,
when Y, satisfies the assumptions of the Poisson distribution,
and X, | and U, have Gaussian distributions (Appendix 2).

Simulations

To assess the performance of our confounding-corrected
estimator in finite samples we conducted a series of simula-
tions. We used Poisson additive (linear) models but also eva-
luated log-linear models with generally similar results (Web
Appendix 1; simulation results in Web Table 1 for null,
and Web Table 2 for non-null available at http://aje.oxford
journals.org/). We assessed the ability of this approach to par-
tially correct for residual confounding using data from on-
going time-series studies of air pollution and daily EDVs
analyzed using Poisson regression. We used simulations so
that the true causal relationships will be known. To make the
simulations realistic, the “true” expected counts were the
model-predicted counts of daily EDVs for asthma (the health
event) obtained by fitting a Poisson model to real, observed
data for a recent 10-year period (1995-2004) in Atlanta,
Georgia. We use observed, 8-hour maximum ozone levels
lagged 1 day as the air pollutant of interest (Table 1). To re-
duce heterogeneity, we restricted analyses to the warm season
(May—October).

Analyses used the following linear Poisson model:

E[Y,]= bo + bix;—1 + by @)

where b, b, and b, (a vector) are parameters in the model
and ¢ is a vector of controlled covariates including linear
spline terms for time ¢ (day, numbered from 1 to 185, with 2
knots for each 6-month period), terms for the moving aver-
age of maximum temperature and dew point, indicators for
weekend, and indicators for year. EDV counts (Y;) are as-
sumed to be Poisson with mean given by equation 7. We
have controlled for these covariates previously (9, 22), al-
though sometimes including higher-order terms.

We fitted this Poisson model using Proc Genmod in SAS,
version 9.3 (SAS Institute, Inc., Cary, North Carolina), to
the observed counts to obtain model-predicted daily counts,
which we treated as the truth. For simulations with an as-
sumed non-null air pollution effect (Scenarios 1B-6B), the
coefficient (b;) of X,_; was 1.0 to calculate the model-
predicted counts; for simulations with no assumed air pollution
effect (scenarios 1A—6A), we set by = 0. We next generated
simulated daily counts of EDVs using a Poisson distribution
with mean equal to model-predicted counts. We then analyzed
each simulated data set using models that included exposure
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Table 1. Description of Observed Data for Emergency Department Visits and Environmental Conditions, Atlanta,

Georgia, 1995-2004

Variable Mean (SD) Median Minimum Maximum
Daily asthma EDVs 50.2 (21.2) 46 6 144
Daily 8-hour ozone, per 25-ppb increment® 2.28 (0.93) 2.22 0.11 5.56
Daily maximum temperature, °C 28.4 (4.44) 29 11 39
Daily minimum temperature, °F 18.2 (4.35) 19 1 26

Abbreviations: EDV, emergency department visit; ppb; parts per billion; SD, standard deviation.
& Ozone concentration was measured in units of 25 ppb, approximately equal to its standard deviation.

X,_, but not the negative control exposure X,,;, as well as
models with both.

Next, we misspecified the analytical model by intentionally
omitting 1 or more covariates (scenarios 2—6). By omitting
known covariates, we simulated bias that would occur if a
covariate with a realistic distribution and realistic associations
with exposure and outcome were inadvertently omitted. Sce-
narios 2—6 differed because each omits a different covariate
from the full, correct model (Tables 2 and 3, second column).
In our simulations d; refers to the X,-coefficient estimator
from the model without the negative control exposure and b;
from the model with it. We calculated the bias in our estimators
as the (median) rate (b; or d; ) estimated with the misspecified
model (e.g., a covariate omitted) minus the true X-coefficient
in the model used to generate the simulated data. Finally, we
compared the 2 estimators b and d; using the median bias and
the mean squared error.

RESULTS

As shown in Table 2, a small to moderate bias in the rate
difference was introduced in scenarios 2A—6A by dropping
variables for the time spline, dew point, maximum tempera-
ture, weekend indicator, and all simultaneously, respective-
ly. In scenarios 2A—6A, the median bias was slightly to
moderately reduced when the negative control exposure
was included in the regression model. However, the mean
squared error was not reduced when the bias reduction
was small (5A).

In scenario 2A, the bias was slightly worse when the ne-
gative control exposure was included; however, this is ex-
pected because the omitted weekend indicator was positively
associated with exposure but negatively with the negative
control exposure after adjustment for other modeled covari-
ates. We found similar results under the non-null condition
(Table 3).

Thus, under both the null and non-null conditions, inclu-
sion of the ozone level 1 day after the health event tended to
at least somewhat reduce the bias due to confounding when
the exposure and negative control exposure were similarly
associated with the omitted confounder.

EXAMPLE

We illustrate our approach using data from the ongoing
time-series studies of air pollution and daily EDVs used in
the simulations. We found little indication of residual con-
founding for ozone and asthma EDVs. However, for upper
respiratory infection EDVs and same-day carbon monoxide
pollution levels, the negative control exposure was signifi-
cantly associated with the outcome (P = 0.022, f = 0.81)
(Table 4). The naive estimate of the effect of carbon monox-
ide on upper respiratory infection visits was —0.83 (P =
0.024). After more complete control for time, both the naive
and partially-adjusted estimates of the effect of carbon mon-
oxide on upper respiratory infection visits were close to the
null, not significant (P = 0.598), with little indication of re-
sidual confounding (Table 4).

Table 2. Simulation Results Under Null Hypothesis, True Effect of Air Pollutant, b1=0

Scenario and Description

Uncorrected Estimator

Corrected Estimator

Scenario  Type of Analytical Error/Misspecification  Bias: Median dy — True b4(SE (cT1)) MSE Bias: Median b; — True b+(SE (IJA1 )) MSE
1A None 0.0156 (0.220) 0.046 0.0195 (0.223) 0.048
2A Omit weekend indicator 0.276 (0.219) 0.123 0.325 (0.222) 0.151
3A Omit time spline variables (t1-t3%) -1.101 (0.216) 1.251 -0.712 (0.223) 0.560
4A Omit dew point variable 0.214 (0.206) 0.089 0.192(0.213) 0.080
5A Omit maximum temperature variable 0.048 (0.191) 0.037 0.036 (0.202) 0.041
6A Omit all the preceding variables —4.419 (0.169) 19.5 —2.660 (0.198) 7.13

Abbreviations: MSE, mean squared error; SE, standard error.
2 t1-t3 are continuous variables used in time splines.
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Table 3. Simulation Results Under Non-Null Hypothesis, True Effect of Air Pollutant, b1=1.0

Scenario and Description

Uncorrected Estimator

Corrected Estimator

Scenario  Type of Analytical Error/Misspecification

Bias: Median d; — True by(SE (d;))  MSE

Bias: Median by — True by(SE (b;))  MSE

1B None 0.0027 (0.228) 1.052 —0.0100 (0.232) 1.056
2B Omit weekend indicator 0.2526 (0.225) 0.611 0.2830 (0.231) 0.550
3B Omit time spline variables (t1-t3%) —1.174 (0.223) 4.813 —0.7857 (0.231) 3.254
4B Omit dew point variable 0.2122 (0.213) 0.677 0.1815 (0.221) 0.728
5B Omit maximum temperature variable 0.0276 (0.199) 0.967 0.0204 (0.209) 0.980
6B Omit all the preceding variables —4.730 (0.174) 29.953 —2.706 (0.176) 13.721

Abbreviations: MSE, mean squared error; SE, standard error.
& t1-t3 are continuous variables used in time splines.

DISCUSSION

We have shown that in linear and log-linear (Appendix 2;
Web Appendix 1) models, estimators in the extended model
should often be less biased than those in the “final” model
without the negative control exposure when in the presence
of residual confounders like those we considered. Our simula-
tions demonstrated this result empirically for linear models
using actual covariates that we intentionally omitted, suggest-
ing that one can often, but not invariably, expect use of the
extended model to produce less biased estimates than the na-
ive model under often plausible assumptions. We also found
a similar reduction of bias in the log-linear regression context
(results not shown), which are also common in practice.

To our knowledge, this approach is new: It differs from cur-
rently available approaches for correcting confounding. First,
our approach is based on a negative control exposure with
properties (P1 and P2), whereas most others use an outcome-
based negative control (12, 14, 23). This difference is impor-
tant; assumptions for using a negative control exposure may
hold whereas those for a negative control outcome could fail,
as well as the converse. Here, we emphasized temporality

considerations because they help make needed assumptions
plausible in environmental time-series studies. Second, our ap-
proach is regression-based and involves partial correction un-
der plausible assumptions, whereas one published exposure-
based approach (12) is primarily for sensitivity analyses and
uses only stratification. The other published negative control
exposure—correction approach method (24) is based on model-
ing the null distribution and calibrating P values, not correct-
ing effect estimates.

Our approach extends to a sensitivity analysis (Web
Appendix 1). Because the magnitude of the association of
U, with X;, and X,, is generally unknown (A not identified),
sensitivity analyses can be important. Absent a correction,
sensitivity analyses, or other allowance for residual con-
founding, the assumption is that there is no residual con-
founding—a rather strong assumption. Sensitivity analyses
using our approach are easily implemented; they use one
parameter, say A, which is interpretable as a measure of the
association of U; with X, compared with that with X,,; and
the linear association between X, and X, ;. Although some-
what like the sensitivity analysis of Lipsitch et al. (12), ours

Table 4. Results for Example Using Emergency Department Visits for Upper Respiratory Infection and Carbon Monoxide Pollution Levels

Estimated P Value for Null: P Value for
Analysis Model Coefficient of x; in Coefficient of x; = 0 in Negative Control Comments
Analysis Model Analysis Model Exposure
Final model® —-0.8323 (0.370) 0.024
Extended model® —0.7226 (0.373) 0.053 0.022 Indication of confounding; E closerto nullin
extended model
“New” final model, time 0.0147 (0.380) 0.969 Include additional control of time patterns by
spline x year adding interaction of time spline variables with
interactions® year indicators
New extended model 0.0327 (0.382) 0.931 0.598 Little change from final model; little indication of

confounding

Abbreviation: SE, standard error.

@ Final model is the additive Poisson regression model given by equation 7 and used for analysis, with the outcome being cardiovascular emer-
gency department visits; c; is the same covariate vector used for the simulations; and the exposure is carbon monoxide (lag 0).

b Extended model is the final model plus the negative control exposure.

¢ “New” final model is the final model used for analysis, with time spline x year interactions, added because of the indication of residual

confounding.

9 New extended model is the new final model with the negative control exposure added.
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applies when known confounders are controlled by use of a
regression model whereas theirs uses stratification (Web
Appendix 1).

Although we found a scenario under the null and one un-
der the non-null (2A or 2B) where inclusion of the future in-
dicator did not lead to reduced bias, these 2 scenarios are
consistent with expectations. In particular, a key assumption
in our proof that the extended model should yield less biased
estimators was that the uncontrolled (omitted) confounder
be positively (or negatively) associated with both exposure
and negative control exposure. However, the weekend indi-
cator (scenarios 2A and 2B) is perhaps somewhat unusual
as those associations are in the opposite directions. For
example, Sundays are associated with lower ozone levels
the previous day (X,_;) but with higher levels in the future
(X;+1)—a Monday when traffic is back to weekday levels.
Theoretically we should expect more confounding by includ-
ing the future indicator if confounding is due to omission of
variables like this. Thus, consideration of substantive issues
and prior knowledge is important (25). We also note that im-
provement in mean squared error was not as consistently at-
tained as the improvement in bias, reflecting the slight but
noticeable increase in variance of the corrected estimator.
However, when bias was large (e.g., 3A-3B and 6A-6B) the
mean squared error was meaningfully reduced.

We derived results for the future value of the exposure X, 1,
but the derivation relied mainly on properties P1 and P2 and
the negative control exposure being associated with U, in the
same direction as X;. Thus, the approach can be extended to
justify the usual approach to correct for confounding given a
surrogate variable for a confounder U,. In other words, an ex-
tension can provide an alternative justification of the common
practice of controlling for a surrogate of a confounder when
the confounder itself is not measured directly, and suggests a
formula for further correcting for confounding in sensitivity
analyses.

The approach we have described emphasizes confounding
and is based on the assumption that confounding is the pre-
dominant source of bias. However, if exposure-measurement
error is important so that the negative control exposure pro-
vides information about the true exposure, or if properties P1
and P2 fail to hold, then inclusion of the negative control ex-
posure could worsen bias (see also Web Appendix 1). Thus,
minimizing measurement error, prior knowledge about sub-
stantive issues, and consideration of causal relationships are
important.

In summary, we have presented a method to reduce re-
sidual confounding of effect estimators, even if the uncon-
trolled confounders are unmeasured. The approach assumes
availability of a negative control exposure with 2 key prop-
erties and that the unmeasured confounders have the same
direction of association with both the negative control and
actual exposures. We have argued that, for environmental
studies such as those of air pollution and health effects, the
air pollutant level after the health effect has occurred may be
have the properties needed for such an indicator. Although
not the primary focus, we have also suggested a method for
sensitivity analyses that extends that of Lipsitch et al. (12)
because it can be used when the known confounders are
controlled by regression models.
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APPENDIX 1

Lipsitch et al. (12) encouraged use of negative controls
analogous to those in experiments (26) to detect bias in epide-
miologic studies. To detect residual confounding using nega-
tive control exposures (B), they emphasized the importance
of U-comparability which represents overlap between “...the
set of unobserved common causes U of A and Y and the set of
unobserved common causes of B and Y.... If A and B are per-
fectly U-comparable and B does not cause Y, then an associ-
ation B-Y when analyzed according to the same model used
to analyze A-Y would indicate bias in the association A-Y”
(12, p. 386). Here, A is the exposure and Y the outcome.

Flanders et al. (9—11) characterized the indicator for detect-
ing model misspecification as having 2 basic properties:

P1: In correctly specified models, the indicator must be
conditionally independent of the outcome, given ex-
posure and other modeled covariates;

P2: It should be associated with the exposure and, like that
exposure, with any unmeasured confounders, where a
confounder is a variable on a confounding path (2, 4).

We argue that useful, perfectly U-comparable negative con-
trol exposures should have properties P1-P2, whereas some
misspecification indicators with properties P1-P2 have no
U-comparability. Property P1, although not assured by
U-comparability, holds for the negative control exposure in
the illustrative DAG (12, Figure 2) and is seemingly as-
sumed to hold in proving that a test for confounding can be
based on U-comparable negative control exposures (12,
eAppendix 2). Property P2 should also hold for useful,
U-comparable negative control exposures, because an un-
measured common cause will induce an association (assuming
the causal path is not blocked, e.g., by stratification, making
the control-negative exposure not useful). Thus, properties P1
and P2 hold or are implicitly assumed to hold for useful, per-
fectly U-comparable negative control exposures.

On the other hand, in some situations, a useful indicator
with properties P1 and P2 need not have any U-
comparability. Appendix Figure 1 illustrates this. It is a
modification of Herndn’s example of selection bias due to
selection of firefighters (C) for study (27). Absent control
for diet (M, or L itself), physical activity (E) is associated
with cardiovascular disease (D) through the biasing path in-
volving parental socioeconomic status (L). With control for
diet, the biasing path is blocked and no bias is expected. L
has properties P1 and P2 and should correctly indicate bias.
However, indicator L (alternatively L") and E have no
U-comparability. In Appendix Figure 1 the biasing path is a
confounding path (2) not classical confounding.

Appendix Figure 1.

APPENDIX 2
LOG-LINEAR MODELS
We can derive results similar to those in the main text,
based on alternative assumptions:

AT*. Y; has mean exp(By + P X; + PoC; + B3U,), condi-
tionalon X, =x, C;=c¢, U, = u.

This assumption is commonly used in modeling health

outcomes measured as counts where an additional as-

sumption is often that Y, is Poisson.

A2%*. the distribution of U, given X, = x, C; = ¢, and X, | =
X1 denoted by (U, I B, X; = x, C; = ¢y, Xip1 = Xpy1):
has moment generating function ¥ ;/(B,x,c,f).

Claim 1B. Assumptions A1* and A2* imply:
EY 1X; = x;, G = ¢, Xi1 = Xi11]
=exp(By + Bx: + Pycr + log Py (Bs; Xis €1y Xix1)),
where log(‘W/(B3; x»CsXr41)) is the moment generating func-

tion of the conditional distribution of U, given X, = x,, C; = ¢,
Xit1 = X1

Proof of claim 1B: As in the main text (equations 1 and 2), we
evaluate the expectation of Y, by integrating the joint distribution
of Y,and U, given X, = x, C; = ¢, X;;| = X, over U, to obtain:
E[Y; X, =x,C=c, X, = xt+1]
= /_/ny(y|Xz =x,C=c¢ U= U)
fU(u X =x, G =c1, Xoy1 = xt+1)dyd”
= [ exp(By + Bx + Byc + Pyu)
fU(u X =x;, G =c1, Xoy1 = -xt+1)du~ (A2)
The second equality follows from assumption (A1*) by
carrying out the integration with respect to y and where
fy(ul X, =x, C,=c, X;41 = x;41) is the conditional probability
density function of U,. Rearrangement now shows that the
moment generating function of fy(u | X, = x,, C, = ¢, Xpy1 =
X:+1) appears as a factor on the right hand side:

E[Yt I X: =x:1, G = ¢, Xip1 = -xt+1]

= exp(Py + Bx + Byc) / exp(Psu) (A3)
fU(u X, =x,C=c¢, X41 = x,+1)du.

Substituting ¥ (B3, c,f) for its defining integral gives:

E[Yt X, =x;, G = ¢, Xpp1 = xt+l]
= exp(ﬁo + B + Bch)lpu(ﬁ3§ Xt5 Cts xt+l)
=exp(By + Bx + Byc + log(‘PU(133; X4 Cpy x,H)) (A4)

proving claim 1B.

Corollary 1: If U, = ap + X, + 02C; + 03X,41 + €y, With
ey, Gaussian, then E[Y X, =x;, C, = ¢, Xip1 = X411 =
CXP(BB(Bl + Byo)x; + (By + P3o2)cr + (03 + P3o3)x,41)
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Proof: The result follows by substitution, since
‘PU(B3; Xy G, xt+1) = ePs(@oFoux+arc+oax1) 4 %Gzﬁé

Claim 1C. Assumptions (A1*) and (A2%*), and those for
claim 1B and corollary 1 imply:

E[Y, | X, =x;, C, = Cl]
=exp(By + By + Psowxi + (B + P
+ log(Wx (03 + B303);5 x4, 1))
(AS)

where (Wx((o + B303); X¢, ¢;, X;41) iS the moment generat-
ing function of the conditional distribution of X,,; given
X, = x,,C, = ¢, with variable (a3 + f;a3).

Am J Epidemiol. 2017;185(10):941-949

Proof of claim 1C: This follows from claim 1B and corol-
lary 1, by a proof similar to that used for claim 1B.

Corollary 2: If, in addition to the assumptions of corollary 1,
Xiv1 =Y + 11X + G + exr41 With ex,; Gaussian, then
EY 1X; =x, Ci=¢] = exp(ﬁa*(ﬁl + B3y + Poay)x, +
(By + B2 + Byoayy)cr)

Proof: The result follows from claim 1C by substitution
of the moment generating function of X, ;.

Note: Under the assumptions corollaries 1 and 2, the
mean of Y is log-linear in the variables X,, C,, X;, or X,, C,.
Thus, if Y is Poisson, the maximum likelihood estimators of
B, will converge as indicated in equations 3 and 4 of the
main text. Thus, the bias of equations 5 and 6 will hold un-
der the alternative assumptions A1*, A2*, corollaries 1 and
2, and A3-A6.
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